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Research on Milling Stability Prediction Based on Numerical Integration Method

ZHANG Qiyang, LIU Ganhua
(Jiangxi University of Science and Technology, Ganzhou 341000, China)

[ABSTRACT] In this paper, the stability of milling in vertical machining center is predicted by numerical integration
method. Firstly, the single-degree-of-freedom and two-degree-of-freedom milling dynamic models affected by chatter are
represented by time-delay differential equation, and the delay period is discretized; Secondly, the time-delay differential
equation is solved by numerical integral method, the milling stability is determined according to Floquet, and the stability
lobe diagram is obtained. Finally, in order to verify the correctness of the numerical integration method, the milling force
coefficient and modal parameters are obtained by parameter identification experiments, the machining parameters are
selected from the obtained lobe diagram for experimental verification. The numerical simulation results show that the
numerical integration method is superior to the 1st-SDM method and the 1st-FDM method in terms of computational
efficiency and accuracy. The numerical integration method solution results are consistent with the experimental results,
which can guide the selection of milling process parameters and ensure the stability of milling processing.

Keywords: Milling machine; Milling chatter; Numerical integration method; Stability lobe diagrams; Floquet theory

DOI: 10.16080/j.issn1671-833x.2024.11.118

TEBEHIIN T AR e e A P A 2800 5 | f) S P

PR —Fh H RS IS, 2 BB N T B i 32 2 )5

P BRI R 2 S BN T g w22, bk

T FEL 2N TACRAC T S B, 25 JE A A AL,

B HI Bl g 2E AR AT HIIA I o 7 RO , X I (o0

D7 R A AT LASRAS BEHITR B 5 F bl 2 [\ 1l RO &R 1Y
118 Wiz MG EEAR - 20244E 6781110

e e B OB TR AR E 0 T2 380 hF;
BEHIRSE IR BRI R AR BRI T H Y.
Insperger'® I Lit™ % X B i £l 43 7 2 v Bsf i 200
2 25 B ( Semi-discretization method, SDM ) &5 Hi;
Ding %5 1 X B 132005 R v Ast Vi T0URDR 25 700 FH 4 B
% ( Full-discretization method, FDM ) 3 17 £& P4 i



PN
RESEARCH HI:%ICEI

SDM #il FDM K i BE 42 i 1 Fli Jy ik i H 3808 St
B, SO TR AL O ik e . Li AR D
FE T DU B Tk RS L, SRR B I R4 T o8 A R, B
FHASE 3R AR 7 V545 3 0o i 5 A% 6 B0 , AT ey 000 00 45 1)
Fare . Dai 45 © F) W 2ORS 40 R 43 Jr vk mT RO e
IR B AR 22, $E A e ME TR B, s P
FH Hamming 2t 22203 B HOTs 331 , W) 45 2 #o8 e, 11
SRR 22 /I, SRSk o e i R o B T B P i S
B RS U R FRT AR o A B B R IR
E PR TR B B, AT RHORS fff 0 A 0 I AR
TR AR U SR A [a] [ B R FH 22 45 13 0 ik
K 18 T BT TURTPR AR I , B i R Bt T 4 P e 1

A SO THAB R 3 7 1R A e 1l o0 7 R 904K
(LR J7 VR BRI RS M T A9 35 1, 1B A ORIE L T
DK B2 2 e T A%

1 BtHlzh hFRE
22 i B ROV IR BE I 81 71 2 AR Ry
MG(0)+Cq(t) + Kq(t) = —a, K (1)[q(1) —q(t =T)]
(1)
o, MoABE IS RS C hBEIEEILE; K
R TIREAS N RS s g (¢) B IREE AR K, (1)
SN ZBUE R 5 a, R BERIDREE s TR . 2
p(t) = Mg(1)+Cq(t)/2, x(t) =-Lq(t) p®)]" (2)
A, (1) AN

x()=(A+B(@)x(t)-B()x(t-T) (3)
Hor,

4| MCi2 M

|lem'cli4a-K —cM7' /2

(4)

0 0

B®) {—apKC(z) 0}
K, A HERUER; B (¢) A RERa)AE Ak 8 ] 2 50
MilE, HA(t)=A (+T), B (t)=B (t+T), &2 eI
I DA BEHI R0 . e 50 A A RS A SRR T,
FEXFERE = x () FBUERE A TR R E06
M B (t) AR,
1.1 B EHESHImT&ER

BUE BRI TR

m (1) + 260, m (1) + 07 m X (1) = —a h(O)[X(0) — x(t ~T)]

(5)
o,
1) = 3 (9, (0)sin(d, () (K, cos(9, (0)+ K, sin(4, (1))
(6)

b, CRBLTTRZERIBRIE L s m JE A BE IR B o,
BT A A K DT DTEI ) 250G K, Azl
1 2880 ¢ (1) RBEIIER j AT RIS A

2nn . 2
¢j(t)_at+(‘]_l)ﬁ (7)

A, n e s NOW BRI VT 7080 th TAEBEHIn T,

G URHE LTI 15 BN TR RAZ bt A2 BRI 28, BT

LG LB ER eR A B 71 7= AR I, R pR SN
1 ¢, <9, (<4,

2(9,(1) = {O b O < b, > (8)
K, Gy do HBEHIIN Tk RS2 BT BERI BN T X5
FIIASFTI A o by e T

¢, =m—arccos(l—a, /R),¢, =n ik

{qﬁm =0,¢,, =arccos(l-a,/R) it

A x(t)=[x(t) mi(e)+mCo,x()], W ¥ [ i EE B
IR AR 6]

X(1) = Ax(2) + B(1)[x(1) = x(1=T)] (10)

= (10 ) o i EIOH A FEA R B B (1)

il

(9)

p { o, m}
m, (gwn )2 - mta)j _gwn

T o o
BO= _ano o
1.2 BB EH#EIn TR

XU e EEASE Ry
m 0¥ (%om 0 (X0
0 m )\ y(r) 0 26w,m, )\ y(1)

[a)nzmt 0 ](x(t)} (x(t)—x(t—T)J
) =—a h(r)
0 o m )\y@) y@)—y(@-T)

(11)

(12)
o,
ho(t) b (@)
4 :{hyxo) hwm} (13)
Forp,

h (1) = ég(@ (0)sin(¢; (1)) x[K, cos(9, (1) + K, sin(¢,(1))]
h, ()= ég((l’, () cos(¢, (1) x[K, cos(¢, (1) + K, sin(¢, (1))]
h, (1) = %g(«/), ()sin(¢; (1) x[-K sin(g, (1)) + K, cos(¢; (1))]

h,, (1) = ig(qu (1) cos(¢, (1)) x[-K sin(¢, (1) + K, cos(¢, (1))]
i (14)

/7“\
() =[x() y(t) mx@O)+mlo,x() my)+mlo,y©)]
DI [ ph B A ARSI R RS 23 ]y

20244655678 11 10] - i BlE A 119



‘_‘i.‘ »
E{%tﬁi RESEARCH

x(1) = Ax() + B@O)[x() - x(t = T)] (15)
AP WECERE A RIS R BOERE B (¢) 7390k
o, 0 m 0
- 0 o, 0o m™
m@*(C? 1) 0 o, 0
0 m@-D 0 Lo,
(16)
0 0 00
0 00
BO= on0) —ah,@ 0 0 (17)
—ah(6) —ah,(®) 0 0

2 BLRERRFE
R SR BE VT 7 BB S T X050 D m AR AR A I
(] ¥, D0 ) ] ) 2 R

t=t+(@-Dy (=1,2,-,m+1) (18)
K, n FORBFRIEING , =T/m. %

D(t)=A+B(1) (19)

G(t)=D(t)x(t)-B(t)x(t—T) (20)

W= C10) A C15)H

x(H)=G(1) (21)

B AR JEAR T T o e AR B AR 2, 2 )
M, AT

X(t,,,) = x(1) + [ G(s)ds (22)
2 om=1 I, =0 (22) A/ 45
x(6,) = x(1)) + [ G(s)ds (23)
H BRI A
x(1) = x(rl)+nB(G(rl)+G(t2)>} (24)
B (20) F1 (24 ) 15
{1 —%D(tz)} x(t,) - [1 + %1)(11 )}x(tl) =

%B(tz)x(tz ~T)+ %B(tl )x(t, -T) (25)

A, TP R, Y m=2 B, f e (22) AT S

x(1,) = x(1,) + j G(s)ds (26)

1 172 FE R AU
x(t) = () + 21 EG@I) +%G(rz>+é0(r3>} (27)
Bear X (20 ) F1 (27 )15
[1 —%D(g):lx(g) - 4?17D(t2)x(t2) —[1 +%D(tl )} x(1) =
%B(t3)x(t3 ~T) +4?nB(tz)x(t2 ~T)+ %B(rl)x(tl -T)
(28)
120 Bz G EA - 2024458678 55 1119]

4 m=3 i, thX (22) AR

x(t,) = x(1,) + [ G(s)ds (29)

7% 3/8 A

x(t,) = x()+ 31 EG(@+§G(a)+§G(a>+%G(a)}
(30)

B (20 ) (30 )15

{1 _%’71)04)} (1)~ 2L Dt )x(e) =2 D) () -
[1 +%7D(tl)}x(t]) = %B(a)x(a =T+

%B(g)x(t} -T) +%B(t4)x(t2 ~T)+

%B(tl)x(tl -T) (31)
Y m=4 i}, g2 (22) W75
x(t5) = () + [ G(s)ds (32)

i Newton-Cotes 2> =041
[*G(s)ds = x(t;) +

7 16 2 16 7
4 Gt)+—G(t,)+—G(t. ) +—G(t. ) +—G(t,
T]|: (:) 45 (z+1) 15 (1+2) 45 (z+3) 90 (z+4):l

90
(33)
a7 28 (20 ) F1( 33 ) 15
[ I _% D(ts):| x(zs)—%p(t4)x(t4)—%D(t;)x(ts) -

%D(zz)x(tz)—[l + %D(t1 )} x(t) =
%B(zs)x(g -T)+ %B(u)x(a 1)+
%B(g)x(@ -T)+ %B(Zz)x(tz T+
ln _

15 B(t)x(t,—T) (34)

4 m=5 I, AT R AT

95n 125n
|:I _2_88D(ti+5 )i‘ x(ti+5) _WD(ti+4)x(tf+4)_

125n 125
—D(. )x(t. ) ——D(t.,,)x(t., ., )—
144 (x+3) (1+3) 144 (1+2) (z+2)

1250 95
—D(¢,)x(t.,, )| I+——D(t, x(t. )=
96 (Hl) (H]) I: 288 (1+5):| (l+5)

95n 125n

—B(t, Hx(t, -T)+—B(t, ,)x(t ,-T)+
288 ( z+5) ( i+5 ) 96 ( 1+4) ( i+4 )
125n 125n
—B( )x(t ,-T)+——B(, ,)x(t. ,-T)+
144 (1+3) (1+3 ) 144 (1+2) (l+2 )

125n 951
—B(t,)x(t,, —-T)+—B(t)x(t -T
o BUi)x(ty = T)+—o0 BU)x(, =T)

(35)
B (25).(28).(31).(34) BEs7n[ 45



eI
RESEARCH Hltﬂtex

x(t) | [ x@t,-T) | AR S FE AL G M
x(t,) x(t,-T) A=0Q'L (39)
0 x(t) | . x(t,-T) HAE Floquet 3%, 24 |A|<1 B, BEHI N T4k THaE
: : (36) s LA=1 I BEH) R G T FORZS 5 A1 I, B
x(t,) x(t, —=T) RGN T ARERE,
_x(tm+1)_ _x(th _T)_ .
- 3 Matlab BEHEES RS H
L B HI N T2 55 BT 25 19 07 202 80R 2 % S0k
0] e [12] 5 B 2 %k =0.011, m=0.3993 kg, ®,=922 Hz,
{1:2p, g 1-1p, 3 2 3 2
3 t ) n_ o
(KJ (93] 3 K=6x10° N/m’, K.=2 x 10* N/m
ik 50 5 Y ey (37 31 KEain
(7} Ly, 7 o, (225 AR Ty 2 0 SRy s ki 2, T LA S B 8 s i
. SRR . JREB B HORZEH || - o || s, Hod || 22—
B B 5 7 1st-SDM ) 7E m HR 300 A E {8 .
1(; , {ifi I Matlab %% £ 43 5 %} 1st-SDM . — B 4> 3 8 )7 i
S e, (1st-FDM ) ARGy 3 By AT it o Ll 3
7B1 *Bz 731 —1 2 N NRIE===3 4 Y
S N . PR RVEAE 53 B 7 R AU stk , B v B gt ) Bz
S (38) L a/R B E R 1, MUK FE 55 n 53511524 5000 r/min
14 64 24 641 14 S N
=B wmh Bk Wt F110000 t/min, B JIl I BEBIREE @, 43304 0.7 mm . 1.0
B B B ah B un mm 1.5 mm. 5/ [V HLPR 35 i e A [l ) 1
JEF, 1st-SDM . Ind-FDM  BU{E FR 43 3 Fh 5 i i Xk 7 14
95—”3",,4 lzﬂb’m,] lzﬂb’m 12ﬂlzm,l 1259 B, 95—'713””, STt . .
288 96 144 144 96 288 " | %%ﬁﬁﬁﬁ%ﬁﬂ 1 o
030 025 0.15¢
— 1st-SDM — 1st-SDM — 1st-SDM
0.25 — Ist-FDM 0.20 — 1st-FDM — 1st-FDM
— B — BfAs — By
0.20 0.10
= =0.15F =
T0.15 i £
= =o0.10f =
0.10 0.05
030 40 50 60 7 80 90 100 030 40 50 60 70 80 90 100 030 40 50 60 70 80 90 100
(a) n=5000 r/min, a,=1.5 mm, |uo|=1.6227 (b) n=5000 r/min, a,=1.0 mm, |uo|=1.4057 (¢ ) n=5000 r/min, @,=0.7 mm, |uo|=1.2210
0.040 0.030r 0.025
0.035 — 1st-SDM 0.025 — 1st-SDM — 1st-SDM
0.030 — 1st-FDM ) — 1st-FDM 0.020 — 1st-FDM
= =0.015r
+0.015} +
= = 0.010
0.010
030 40 50 60 70 8 90 10 %O 40 50 60 70 80 90 100 030 4 50 60 70 80 90 100
B HOKm B HOEm B HOEm

(d) n=10000 r/min, a,=1.5 mm, |uo|=1.3363

(e ) n=10000 r/min, a,=1.0 mm, |xo|=1.2324

(f) n=10000 r/min, a,=0.7 mm, |uo|=1.1457

B 1 1st-SDM. 1st-FDM . Z{E 52 5 B sk B b 3%

Fig.1 Convergence rate comparisons of 1st-SDM, 1st -FDM and numerical integration

20244655678 11 10] - i BlE A 121



‘_‘i.‘ »
Hl:%lﬁx RESEARCH

R LU Y B A5 2 ORS00 AN I Ba i, T80 5 2% 1) Ry
TEABASE || PR 32230 TR AE(EAEE | o |, S0IE T (B ALY
T3 V5 WA R0 FORS A . 9140, n=5000 t/min, @,=0.7
mm, |1,[=1.221, m=50 I, 1st-SDM J7 ¥ I J) %0 5 iz
254 0.05581, 1st-FDM J5 i 19 =y B B 25 4 0.03246,
BUER R B iR 220 0.01316, L 1st-SDM J7
T SR B B 25 08D 76.42%, LE 1st-FDM J5 7k 1 Jey s
B 2D 59.46% , RIEUER 0 i R = T
1st-SDM J7 &A1 1st-FDM Jiik .

3.2 BEHEREIIN AR MEE

FERE BRI TR R R T 3 AR AR
AR AMES I, B HILIR 32 5ih % 10 n 125 5000~10000
r/min, %l 7] BEHIR B a, 1% B 0~4 mm. A4 G858
FST A T) HAR A a/R BB N 1, BHUER m % &y 40
160, ESHEL m 8K, SRR 22 8 B m=200 B 1st-
SDM J7 ki AR i i I A E B S H 4k . 7EAN]
BIRCEUE T, 3 M8 ik O Bas S Eh i & 2 iR .

ATLUE L FE R B BRI TR | [a)—Fpit
STk WA B R B EOE m BN, 3 RO IA )
VIR B RO Bz PRAR S 2 i 26, 24 m=40 B, %K
Ry 7 B B ) 22 L 1st-SDM ., 1st-FDM 7 325 45 6
76.06%. 53.11%. 24 m=60 I}, B(E A Jr i oAt e

4.0 — BEM 4.0r

35k —-=1st-SDM 35k
£ £
E30fF | E 30}
Ry L e L
5 25 S 257 |
K 20F | K 20t
B 15F = 15}
E 10} E 10}
= , =

0.5 0.5

Ft 1st-SDM . 1st-FDM J5 4% 69.09% . 48.85%. itk
TE BRI m AR B AR 7 i T AR ZE L st
SDM J5 %A1 1st-FDM J5 2 3 S8R i
3.3 WEHESH] I TR E

XH A SR TS R RE S S R A K
B BB SO R, B8 98 B RN S B8 ) ELAR Y L
aJR % B R 0.5, B HUE m % & K 40 A1 60, THLK T
e n B R 5000~10000 t/min, il BRI a, ¥
BN 0~4 mm, TEAFBHEE m T3 FitE T8
FLRTAREE SN A& 3 iR o

ATLAE th, ZERUE FEEBEHIIN T AR, 76 W] —Fh
TR BEE BEE S ) B 5O m (35N, 3 Tk
BRSO R S e e i AR S it 48, L2 m=40 I,
BUEAR I A5 1L 1st-SDM ., 1st-FDM 5 345 4
72.35%. 65.11% 24 m=60 A, F(E RS 7 ik B i)
Lt 1st-SDM, 1st-FDM J7 k4651 47.71% ., 68.42%. [t
TE BHCE m AR, BB AR 5 ik i R ZE L st
SDM J5 ¥ 01 1st-FDM J5 B SR B g

4 BELRA
4.1 SEEIHSEIREATE
S T WA AR 1 o i, (5 L PR =t SR el ) A

sk 40
—-= 1st-FDM 351
g 3.0F
250 |
20F
1.5F
1.0f
0.5

— ZH &
—— BERI>

i BEHIER E a,

0 1 1 1 1 1

5000 6000 7000 8000 9000 10000
FhhE%#/ (r/min )

(a) 1st-SDM, m=40, t=64.7404 s

4.0 — ¥k 401

35k —-— 1st-SDM 351
=) g
E30F | £ 3.0r
S L Sy L
& 2.5 | & 2.5
K20t K 20r
% 1.5F § 15F
= 1.0+ = 1.0
= =

0.5 0.5

0 1 1
5000 6000 7000
T/ (r/min)

(b) 1st-FDM, m=40, t=33.0476 s

O 1 1 1 1 1

5000 6000 7000 8000 9000 10000
FhhEEE/ (r/min )

(d) 1st-SDM, m=60, t=101.4361 s

0 1 1 1 1 1

5000 6000 7000 8000 9000 10000
Fhh#e#/ (1/min )

(¢) BUEFRSY, m=40, =15.4965 s

8000 9000 10000

— Bz 40r — ZH &
—- 1st-FDM 35k —= HUEBY

3.0t
251
2 20}
S 15t
1ot
0.5

J£a, /mm

i

e Bt

0 1 1
5000 6000 7000

1 1 1 0 1 1 1 1 1
8000 9000 10000 5000 6000 7000 8000 9000 10000

FE4nEEH/ (r/min )
(e) Ist-FDM, m=60, t=61.3082 s

2 BEHAEREEMHIEE

F8hFE 3/ (r/min )
(f) BUERSY, m=60, t=31.3578 s

Fig.2 Stability lobe diagrams of single degree-of-freedom milling model
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Fig.3 Stability lobe diagrams of double degree-of-freedom milling model
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Fig.5 Measured curve of tool tip frequency response function

x2 TNEBESBH
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Fig.6 Stability leaflet diagram verification experiment diagram
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